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Abstract. In this paper, weighted norm inequalities with A p weights are established for the mul- 
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1 Introduction. 

The study of the multilinear singular integral operators was originated by Coifman and Meyer 
in their celebrated work [3j[l]. Let m £ N and K(x; yi, ■ ■ ■ ,y m ) be a locally integrable function 
denned away from the diagonal x = y\ = yi = ■ ■ ■ = y m in (R n ) m+1 . An operator T, defined 
on m-fold products of y(M") (Schwartz space) and taking values in the space of tempered 
distributions, is said to be an m-linear singular integral operator with kernel K if T is m-linear 
and satisfies that 



T(fi,...,f m ){x) = I K(x;yi,...,y m )fi(y 1 )...f m (y m )dy, (1.1) 



Research of the first author was supported by National Natural Science Foundation of China under Grant 
#10971228. Research of the second author was supported by National Science Council of Taiwan under Grant 
#NSC 100-2115-M-008-002-MY3. 



1 



2 



G. Hu and C.-C. Lin 



for bounded functions fi,---,f m with compact supports, and x G R n \ UjL 1 su PP/j> where 
<iy = dyi . . . dy m . Operators of this type plays an important role in multilinear harmonic analysis. 
When T is an m-linear C alder on- Zygmund operator; that is, T is bounded from L qi (W l ) x • • • x 
L^(R n ) to L0(R n ) for some q x , . . . , q m G [1, oo] and g G (0, oo) with 1/q = Ei<fe<m V?A> and 
the associated kernel is an m-C alder on- Zygmund kernel, Grafakos and Torres [11] considered 
the endpoint estimate for T on the space of type L 1 (M n ) x • • • x L 1 (R n ), and established a Tl 
type theorem for the operator T. Grafakos and Kalton [8j proved that the multilinear Calderon- 
Zygmund operator is bounded from the products of Hardy spaces into Lebesgue spaces. See also 
\\2\ [13] [T7] for more results on the multilinear C alder on- Zygmund operator. 

Recently Anh and Duong [1] introduced a class of multilinear singular integral operators 
whose kernels satisfy that there exist two positive constant r G (1, oo) and g G (0, 1] such that, 
for any ball B and x, x' G B, 



[ ■■■ \K(x; ,y m ) - K(x f ; yi,... ,y m )\ r 'dy ) 

\Js jm (B) JS n (B) J 



1/r' 



| ^ ^ | Q 

where ji, ■ ■ ■ ,j m are integers with maxi<j< m > and j* = maxi<fc< m Here and what 
follows, we denote by r' the index conjugate to r; that is, r' = r/(r — 1) for 1 < r < oo. For 
a ball B, we denote Sjv(B) := 2 N B\2 N ~ 1 B for AT G N, and S (B) := B. Anh and Duong 
considered the weighted estimates with multiple weights for the multilinear singular integral 
operators when the associated kernels satisfy (jl.2p , and obtained several new weighted estimates 
for multilinear Fourier multiplier operators. 

The purpose of this paper is to establish weighted norm inequalities for multilinear singular 
integral operators whose kernels satisfy certain L r -Hormander condition. Before stating our 
results, we first recall some notations. 

A function w is said to be a weight if it is nonnegative and locally integrable. Let M denote 
the Hardy-Littlewood maximal operator. For r G (0, oo), define M r to be the operator given by 

M r f(x) = {M(\fn(x)} 1 / r . 

For a weight w, the weighted weak L P (M") with respect to w is defined as 

L p,00 (R ra , w) = {f : ||/|Up.~(K« «,)<«>}, 

where ||/||^ l00(Rn> w) := sup A>0 Ww({x G R n : \f(x)\ > A}). 

A weight w is said to belong to the Muckenhoupt class ApiW 1 ), 1 < p < oo, if 



sup (— — w(x)dx) (j-frr [ w(x) 1 p 
B v \B\ / V \B\ J B 



p-i 

dx I < oo, 
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where the supremum is taken over all balls B C W 1 . A weight w is said to belong to the class 
Ai(M n ) if, for any ball B, 

- — r / w(x)dx< inf w(x). 
\B\ J B xEB 

For the properties of A p (M. n ), we refer readers to [Tj- 
The main result of this article is the following 

Theorem 1.1. Let T be an m-linear singular integral operator with kernel K in the sense of 
^^\). For x,x',yi, . . . ,y k G W 1 , set 

Wq(x, yi,...,y m ; x') = \K(x; yx,...,y k ) -K(x; y 1 ,...,y m )\, 

and for y' k G W 1 , 1 < k < m, 

W k (x, yx, . . . ,y m ; y' k ) = \K(x; yi,... ,y k ) - K(x; y%, . . . , y' k , . . . ,y m )\. 

Let ri, . . . , r m G [1, oo). Suppose that 

(i) for any x G W 1 , 

Or r r 'm-i r[ j_ 

...(/ \K(x;y 1 ,...,y m )\ r '<"dy m ) r ' m . . . ) r ' 2 dyA r i < oo, 

A R J A R 

where A X R = {y : R/2 <\y-x\< 2R}; 

(ii) for any ball B and x, x' G B, and any fi, ■ ■ ■ , f m such that supp f k C M. n \4B for some 
1 < k < m, 

„ m 

/ \W (x, yi ,...,y m , x')\\h{ yi ) . . . f m (y m )\dy < TT (m t J k (x) + M rk f k (x')) ; 

J (R n ) m ^ V ' 

(iii) for each integer k with 1 < k < m, and each ball B with radial R, there exists a function 
H k ,B> such that for function f k with supp/^ C B and any x G M. n \4B, y k , y' k G B, 




and for any integer jo > 3, 

( f \R k (x, y k , y' h )\ r 'kdx\ 1/rk < R 1 , 

x Js J0 {B) ' \y«B\~^ el 

with g a positive constant; 
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(iv) T is bounded from L qi (R n ) x • • • x L^(R n ) to L q '°°(R n ) for some qi,...,q m e [1, oo] and 
q G (0, oo) with 1/q = Ei<fc<m 1 /lk- 

We have the following weighted estimates for T. 

(a) If for 1 < k < m, p^ G (rj~, oo] and the weight Wk G A pk j Tk (W n ), p G (0, oo) such that 
1 /P = J2i<k<m l /Pk, then 

in 

\\T(fl, ■ ■ ■ , fm)\\LP(R n ,u^) ^ JJ H/fcll-LPfepR™,™*.)) 

fc=l 

where v$ = Y\HL\ ^ ^ case Pk = °°; ^ e terms \\fk\\L p k(M. n ,w k ) 071 the right hand side 
of the inequality above is understood to be replaced by ||L°°(R n )) > 

(b) if for some k with 1 < A; < m, pf. G (1, rl), anc? G (r/, oo] for any 1 < I < m and I ^ k, 
w G ni<K mj ^ fc ^ K/n (M n ) andw 1 '^ G A p , fc/r . fe (M n ), t/iera 

m 

\\T(fl, • • • , /m)||iP(R«,iH) < \\fl\\LPi(R n ,w)'i 

1=1 

(c) i/p/ G (n, oo] /or any 1 < I < m and I / k, w Tk G Ai(R n ), then 

\\T(fl, ■ ■ ■ ,/m)||iP.°°(K«,«i) ^ ll/fclk^K™^) 

l<«<m, i^A: 

TOi/l 1/p = 1 + £l<Km,^fc 

We now consider the multilinear Fourier multiplier operator. Let a G L 00 (M nm ). Define the 
m-linear Fourier multiplier operator T a by 

T a (fu ...,f m )(x)= [ exp(2mx(^ + ■■■+ £ m )) 

J(R n ) m 

X0-(6, • • .,£m)Ml) • • • fnliUH (1-3) 

for fi, . . . , f m G r y(M. n ), where "~ " denotes the Fourier transform. Coifman and Meyer [3] 
proved that if a G C s QR nm \{0}) satisfies 

K 1 ■ ■ ■ d t a ^ ■ ■ ■ >ui < c au ..., am (\ti\ + ■■■ + iur (|Qil+ - +|aml) 

for all |ai| H h |ajv| < « with s > 2mn + l, then T m is bounded from L pl (M n ) x • • • x L Pm (R n ) 

to L p (IR n ) for all 1 < pi, . . . ,p m , p < oo with 1/p = Xa<fc< m VPfc- For the case of s > nm + 1, 
Grafakos- Torres [II] and Kenig-Stein [15] (for m = 2) improved Coifman and Meyer's multiplier 
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theorem to the indices 1/m < p < lby using the multilinear Calderon-Zygmund operator theory. 
An important progress in this area was given by Tomita. Let <E> G y(R" m ) satisfy 



Set 



Tomita 



supp^C j(£i,...,£ m ) : 1/2 < ^ |6| <2j; 

^ k=i J 

$(2^1, • • • , 2~ K £ m ) = 1 for all . . . , U) G K" m \{0}. 



a K (6, • • • , Cm) = • • • , e m )a(2 K 6, • • • , 2 K e m )- 

proved that if 

1 + |£i| 2 + • • • + \U\ 2 Y\vk(£i, ■ ■ -,U)\ 2 d£< oo 



sup 



;i.5) 



;i. 6 ) 



for some s > mn/2, then T a is bounded from L pi (R n ) x • • • x L Pm (R n ) to L p (R n ) provided 
pi, . . . iPmi P G (1, oo) and 1/p = Yli<k<m ^-/Pk- Grafakos and Si [TU] considered the mapping 
properties from L Pl (R n ) x • • • x L Pm (R n ) to L p (R n ) for T a when cr satisfies flL6]) and p < 1. 
Miyachi and Tomita [14] considered the problem to find minimal smoothness condition for 
bilinear Fourier multiplier. Let 



0"k||vk s 1' 



1/2 



where (6) : = (1 + l^fcl 2 ) 1 ^ 2 - Miyachi and Tomita [33] proved that if 

sup ||o- K || W s 1>S 2(]R2n-) < oo for si,s 2 > n/2, 

then T CT is is bounded from L pl (R n ) x L P2 (R n ) to L p (M n ) for any p x , p x G (1, oo) and p > 2/3 
with 1/p = 1/pi + l/p2- Moreover, they also gives minimal smoothness condition for which T a 
is bounded from H Pl (R n ) x H P2 (R n ) to L p (M n ). It should be pointed out that the argument 
used in p3] applies to the case m > 2. As an application of Theorem ll.il we have 



Theorem 1.2. Let a be a multiplier satisfying 



SUp ||<T K || \ysi,...,Bm Jjmnj < OO 



;i.7) 



for sx,...,s m G (n/2, n] and T CT 6e i/ie operator defined by tl.3\) . Set t k = n/sk- We have the 
following weighted estimates for T a . 



(a) Ifp k G (t k , oo] and the weight w k G vl pfe/ t fc 
VP = Ei<fc< m 1/Pfc; ^ eri 



) /or 1 < k < m, and p G (0, oo) such that 
m 

T a (fl, • • • , fm)\\LP(R n ,v a ) < ||/fc||.L»>*(R n ,te fc )j 



k=l 
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(b) if Pk G (1, t' k ) for some k with 1 < k < m, pi G (rj, oo] for any 1 < I < m and I ^ k, 
w G ni<K m ,^ fc ^ /ti (M n ) and u; 1 "^* G A p , fc/tfc (IR n ) ; i/ien 

m 

ll^cr(/lj • • • , /m)||iP(K«,iw) ^ ll/dU^pK™.^)' 

1=1 

( c ) Pz G (n, oo] /or any 1 < I < m with I ^ k and w tk G Ai(JH n ), then for 1/p = 1 + 
Ei<i< m, 

||^o-(/l) • • • j /m)||iP.°°(R«,w) % ||/fe|Ui(K»,iu) ] | ll/dlL p i(R n ,w))- 

l</<m, Z^fc 

Remark. The conclusion (a) in Theorem 11.21 was proved in [5]. Here we give another simpler 
approach, which is of independent interest. 

Throughout the article, C always denotes a positive constant that may vary from line to 
line but remains independent of the main variables. We use the symbol A < B to denote that 
there exists a positive constant C such that A < CB. For any set E C M. n , xe denotes its 
characteristic function. We use B(x, R) to denote a ball centered at x with radius R, and 
denote by Br the ball B(0, R) for simplicity. For a ball B C M n and A > 0, we use \B to denote 
the ball concentric with B whose radius is A times of -B's. 

2 Proof of Theorem 11.11 

Let M$ be the sharp maximal operator of Fefferman and Stein; that is, for a locally integrable 
function /, 

M»/(x) = sup jL f _ V B (f)\dy, 

where the supremum is taken over all balls containing x and denotes the mean value of 

/ on ball B. For a fixed 5 > 0, let Af| be the operator defined by 

M«(/)0z0 = S upinf (-L / l/^-cl^yV 75 . 

Lemma 2.1. Zei m > 1 be an integer and T be an m-linear singular integral operator associated 
with kernel K in the sense of ( fi.ij) . Suppose that T satisfies the assumptions (ii) and (iv) in 
Theorem \ Let r G (0, oo) such that 1/r = ^i<fc< m l/ r fc; where r^'s are stated as in the 
assumption (ii) of Theorem \1. 11 Then for any 5 G (0, min{q, r/r±, . . . ,r/r m }), 

m 

Ml{T{h,...J m )){x) < \[M m&x{qktrk} f k {x). 

k=l 
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Proof. Let x G M n and B be a ball containing x. Decompose (1 < k < m) as 

/fe(y) = fk(y)x4B{y) + fk(y)xs.»\iB(y) = fliv) + fliv)- 

The fact that T is bounded from L 9l (M n ) x ••• x L*"(K n ) to L 9 '°°(]R n ), together with the 
argument used in the proof of the Kolmogorov inequality, yields 

(\W\ I B |T(/l1 ' • • • < fl / B IA(y*)r^*) 1/ft 

m 



fc=i 



On the other hand, if ii,... ,i m £ {1 5 2} and i k = 2 for some with 1 < < m, we then by 
assumption (ii) that 



TO 1 , . . . , ft)(y) - T(fi\. . . , ftW)\ < II (MrJkiy) + M r j k ( y ')j , (2.2) 

fc=i 

for any y' £ B such that |T(/^, . . . , f^(y')\ < oo. It follows from [2] that 

M(M r J k )(z)<M r J k (z) forzel". 
Both estimates <[27TT) and (pT2j) lead to 

^(m/J t(/ — -4'*)' 

< (pp jf ^ TO, • • • , / w )(y) - T(/ 1; . . . , 

+ E (i^p / / in/r,---,/™ m )(y)-n/r,---,/^)(y')i 5 ^ 



n, ...,i„ 



B JB 

1/5 



I 111 n I I b 

< n M qk f k (x) + (— / HRAd/)} 

fe=i ' ' jb k=i 

m m 

< n M q j k (x) + n M rhS/r (M rh f k )(x) 
k=i fc=i 

^ n M m3x{qk!rh} f k (x), 



where, for each term in the summation ^* i , the set of indices {ii, . . . , i m } C {1, 2} and at 
least one i k = 2 (1 < k < m). This finishes the proof. □ 
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Lemma 2.2. Let p G (0, oo). Lf there exists po G (0,p) such that \\Msf\\LP ,°°(m. n ) < °°; then 

\\M s f\\ LPm < \\Mlf\\ LPm . (2.3) 

Proof. Note that, for 5 G (0, 1), 

{MHl/^Xz)} 1 /*^/^). 

If IIM^/Il^^n) < oo holds, then (JZ3D follows from Theorem 7.4.5 and Corollary 7.4.6]. On 
the other hand, for any positive real number N, 

/ \ p - l \{x G R n : M 5 f{x) > X}\d5 < N p ~ po sup A po | {x G M n : M 5 f(x) > A}|. 

JO A>0 

Thus, by the same argument in the proof of [7, Theorem 7.4.5], the lemma follows. □ 

Lemma 2.3. Let m G N and T be an m-linear singular integral operator associated with kernel 
K in the sense of Suppose that 

(1) T satisfies assumption (Hi) in Theorem \l.l[ 

(2) T is bounded from L Ul (R n ) x • • • x L Um (R n ) to L u '°°(M. n ) for some ui,...,u m with u k G 
[rfc, oo] (1 < k < m), and u G (0, oo) with 1/u = Yli<k<m ^/ u k- 

Then, for pi, . . . ,p m such that pk G [r k , U}~], T is bounded from L Pl (W l ) x • • • x L Pm (M. n ) to 
LP.°°(R») wtthl/p = Z 1 < k < m yPk. 

Proof. Let pk G [r k , Uk] (1 < k < m) and 

||/l||iPi(K™) = ••• = ||/m||i>™(R™) = 1- 

Our goal is to prove that there exists a constant depending only on n, m and p such that 

: |T(/i,...,/ m )(x)| > (C + 1)A}| < A~* forallA>0. (2.4) 

To do this, we apply the Calderon-Zygmund decomposition. Given A > 0, applying the Calderon- 
Zygmund decomposition to \ fk\ Pk at level A p , we obtain a sequence of cubes {Q J k }j satisfying 



AP< ^n/ \fk(y)\ Pk dy<2 n \ p 
\Qk\ J Qi 



and 

\fk(x)\ < X p/Pk a.e. x G R n \ Uj Q^. 

Set 

fl(y) ■= fk(y)x R n\ UjQi (y) + ^2 V Qi(fk)x Qi {y), 



fi(y) ■■=fk(y)-f 1 k (y) = ^b{(y), 



Multilinear singular integral operator 



9 



where &J(y) = (f k (y) - V Q3 {fk))x Qi {v)- It is well known that /* € L u *(K n ) and 
\\fl\\v*<j*») < A p/pfc(1 - pfc/ufc) ||MII^) < \ p l pk ~ p l Uk , 

Wfk \\Wk(M n ) ~ l|/fc|lm(K™) < !• 

Recall that T is bounded from L Ul (R n ) x ... L u ™(R n ) to L"'°°(IR n ). It follows that 

m 

\{x e R n : TO 1 , . . . , fi)(x)\ > X}\ < X- u JJ 11/^11^^) < A"". 

fc=i 

The proof of (12. 4ft is now reduced to proving 

* 

|{*€R": £ TO 1 ,... 5 /^)(x)|>CA}|<A^ J (2.5) 

*i j ■ ■ ■ 

where, for each term T(/^ , . . . , ) in the sum j m , each one of i\ , . . . , i m is either 1 or 2, 

and at least one i k = 2. 

To prove (|2.5p . without loss of generality we may assume i\ = 2. Let = U^Lj Uf 8-B£, 
where -B^ is the smallest ball containing Q 3 ,. For each x € M n \f2 and each fixed j, applying the 
vanishing moment of tr[ and the Holder inequality, we write 

\T(l{,f 2 \...jH(x)\ 



< 



„ rn 

/ \K{x;yx, ... ,y m ) - K(x;y{,y 2 , ■ ■ ■ ,y m )\\b{(yi)\ TT \f k {y k )\dy 



< 



. k o/i)^ BJ (x, 2/!, j^i/in^^w, 

where y\ is the center of B\. Let 

= E / \VMK,B(( x > vu yi) d vi- ( 2 - 6 ) 

We then have 

m 

TO", • • • , #T0«0l < I(«) II MrufitW' ( 2 - 7 ) 

Recall that, for any k with 2 < k < m, 

M r ji k (x)<M r J k (x) + DX^ 
for some constant D depending only on n. Thus, 

\{x e R n : Mff{x) >(D + 1)A^}I < A~ p / |A(y)! Pfc < A"* (2.8) 
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On the other hand, a trivial computation yields 

/ l(x)dx = yyy] / / / R 1B j(x,y 1 ,y' 1 )dx\b{{y 1 )\dy 1 
J^ n \n j J S,(B{) J B{ J S,(B{) ' 1 

^EE j XI i l H i,^(^yi^i)r' 1 ^) 1/r >i(yi)l^il^(^')l 1/ri 



j 1=3 



that implies 



\{x G R n \Q : I(x) > A p / pi }| < A- p/pi f 1(a) dx < A~ p . ( 



2-£ 

\n 

Combining inequalities (|2.T[) — (|2,9p . we obtain (|2.5[) . This completes the proof of Lemma [2,31 □ 

We now are ready to show the main theorem. 

Proof of Theorem{Tl\ Since T is bounded from L qi (R n ) x ••• x L q ™(R n ) to L q '°°(R n ), it 
follows from Lemmas O and that T is bounded from L Pl x • • • x L p " l (R™) to L p (R n ) with 
Vp = Ei<i;<m V^fc provided p?; > max{c/fc, r^} for = 1, . . . ,m. Thus, by Lemma [231 T is 
bounded from L ri (M n ) x ■ • • x L r ™(R n ) to L r ' co (W n ) with r G (0, oo) and l/r = Ei< fc < m 1 / r k- 
Hence, for 5 G (0, min {r/r\, . . . ,r/r m }), 

m 

Ml(T(fi, f m )){x) < M r J k (x). (2.10) 

k=l 

Applying Lemma [2T21 again, we obtain the boundedness of T from L Pl (R n ) x • • • x L Pm (R n ) to 
L p (R rt ) provided p^ G (r^, oo] , 1 < k < m, and p G (0, oo) such that 1/p = Yli<k<m ^/Pk- 

To prove conclusion (a), for p k G (r^, oo] and G A pk / rfc (R n ), A; = 1, . . . , m, we claim that 
if <5 is small enough, then for bounded functions f%, . . . , f m with compact supports, 

\\M s (T(f 1 ,...J m ))\\ Lmn ^ ) <oo. (2.11) 

Once we prove the claim, conclusion (a) follows immediately from the inequalities ()2.10|) — (|2. 1 1|) 
and the well known inequality of Cordoba and Fefferman [5]. 

The proof of (|2.1ip is fairly standard. We note that v$ G A p ^(R n ) for 5 small enough. If we 
take R large enough such that U^I^supp C Br, then 

\T(h, ■ ■ ■ ,f m ){x)\ p v^(x)dx 

B 2 R 
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+ / \T(f 1 ,...J m )(x)\P^(x)dx. 

JR"\B 2R 

It is obvious that f B \T(fi, ■ ■ ■ , fm)(x)\ p v-w(x) dx < oo. On the other hand, the size condition 
(i) shows that, for x G R n \B 2 R, 

\T(fi,-..,fm)(x)\< / \K(x;y 1 ,...,y m )\\f 1 (y 1 )...f m (y m )\dy 



'"■»-M<| a ._j /fc |<2|x|,fc=l,...,m} 



<- • 2 

m 

<U M rMx). 

k=l 



Then, Holder's inequality and the weighted boundedness of the Hardy-Littlewood maximal 
operator yield 



/ 



\T{fi, . . . J m ){x)\ p vti{x) dx < Yl \\fk\\ P LPk{R n y 

n \B 2R k=1 



This leads to our claim directly. 

For conclusion (b), we consider the case k = 1 only. Let 1 < p\ < r[, pi > 77 for 2 < 
/ < m, w G nfl 2 A pi / ri (R n ) and w 1 '^ G ^ / n (K n )- Choose points {l/p{,. ■ ■ , 1/p™, 1/p 1 ), • • • , 
(l/pf + \ . . . , l/p£ +1 , l/p m+1 ), such that 1/p? = Ei<fe< m Vp* for any 1 < j < m + 1, and 

(1) (1/pi, • • • , 1/pm, 1/p) is in the open convex hull of the points (l/p\, ■ ■ ■ , l/p„, 1/p 1 ), • • ■ , 

(i/p? + \...,i/p^\i/p m+1 y, 

(2) for each i G {1, . . . ,m + 1}, either > 77 for all 1 < / < m and u) G n^^i^ (M n ), or 
1< p\ < ri, p| > rj for 2 < I < m, w 1 '^' G A^y /ri (R n ) and w G n[^ 2 ^ /r; (R n ). 

Thus, by the multilinear Marcinkiewicz interpolation theorem (cf. [7] ) , it suffices to prove the 
boundedness of T from L Pl (R n , w) X ■ ■ ■ X L Pm (R n , w) to U>'°°(R n , w) whenever pi G (1, r' x ), 
Pl>r t for 2<l< m, w 1 '^ G A p / /ri (M n ) and w G A pk/rk (R n ) for 2 < k < m. 
For / fe G LP*(R n ), 1 <k <m, with 

II (M.n,w) = ■■■ = ||/m||i>™(R™,u>) = 1) 

applying the weighted Calderon-Zygmund decomposition to |/i| Pl at level X p , we obtain a se- 
quence of cubes {Q{}j such that 



A p <— — / Af 1 (y)rw(y)dy<2 n X p , 

w(Q{) JQi 

|/i(a;)| < A p / pi a.e. x G R n \ Uj Q{ . 

Let f\ if 1 be the functions given in the proof of Lemma 12.31 and = UjSB\, where B\ is the 
ball circumscribed on Q\. Then w(£l) < A~ p . Since U7 1_p i G A p ^ ri (R n ), we can choose ti large 
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enough such that w G A tl / ri (W n ). Thus, by conclusion (a), 

m 

w({x G M n : \T(fl, f 2 ,...,f m )(x)\ > A}) < A"* n \\fk\\U^, w) \\fl\\U(^ >w) 

k=2 

<A-* (2.12) 



where 1/t = 1/tj + E2<fc<m VPfc- 

To estimate T(ff, f'2, ■ ■ ■ , f m )(x), we employ the idea used in [16]. Similar to the proof of 
Lemma [231 for x G IR n \Sl, 

„ m 

\Ttfhf2 ■ ■ -J m )(x)\ < / . H ljB j(x;yi,^)|&j(yi)|dj/i J] M r J fc (x). 

j ' fc=2 

By the weighted boundedness of the Hardy-Littlewood maximal operator, if w € A pfe / rfc (M n ), 
then 

M r J k (x)>(D + l)\^})<\-P I \f k (y)\ Pk w(y)dy. (2.13) 
Let I(x) be given in (|2.6p . A duality argument shows that if w 1_Pl G A,/ / r (R n ) and F G 



L p i(M n \$7, w) with IIFH^ x ^ < 1, then 



/ I(x)F(x)dx\<T [ [ ^ ^{x-y^W^dyxFi 

JR"\n 1 ^ JR n \Q JB{ ' 1 



x)dx 



^EE / ( / I H, B , z/i , ) |^ dx) 1/ri 1 6i I d yi 



J 

x inf. M n F(y)|S,(fl?')| 1/P1 



< 
<1. 



yes! 

\h{y)\M ri F{y)dy 



Therefore, 



w({x G M n \fi : l(x) > X p/pi ) < \- p / l{x) Pl w{x) dx < X~ p . (2.14) 

Estimates (|2"7T21) - (fiEUD give us 

*£R": |T(/i,...,/ m )|>CA})<A-f. 

We turn the attention to conclusion (c), and consider the case k = 1 only. Recall that 
w Tl G A\(W l ) implies that w G A r (M. n ) for any r > 1. A computation shows that 

/ I(x)w(x)dx<J2jt f (f ^^(x^yiMW'^xY^lbiiy^dyt 



Multilinear singular integral operator 13 

1/n 



X ( / w(x) ri dx 
ISi(Bi) 



which implies conclusion (c) by applying the Calderon-Zygmund decomposition and the esti- 
mates used in the proof of conclusion (b). □ 



3 Proof of Theorem 11.2 



We start with several preliminary lemmas. 

Lemma 3.1. Let a K be defined in il.5\) . q\, . . . , q m G [2, oo), and si, . . . , s m > 0. Then 

/ f / f \ 92/91 \ 93/92 \ l/9m 

(/ ...(/ |^(6,...ur<£i> si ^i) (6) S2 ^ 2 ) ■■■(U) Sm du) 

V JR" WM" 77 7 

I!l4/si/qi,...,s m /<j m (JJmn) • 

For the proof of Lemma 13. 11 see Appendix A in [6]. 
Lemma 3.2. Let s\, . . . , s m G M, and ci\ . . . , a m G Z" 6e multi-indices. Set 

T/ien 

IICk 1 ''"'"" 1 ||w s i'-'-' s ™(R mn ) ^ SU P ||c/||vF s i--'' Sm (R mn )- 

lei 

This lemma was given in [14, Remark 2.5]. 

Let a G L°°(M mn ) and $ G J^(R mn ) satisfy ([13]). Define 

• • • = ^(2- K ei, • • • , 2- K U)^(6, • • • 

Then 

3^(6, • • • ,£m) = o- K (2 _K £i> • • • ,2~ K £ m ) 

and 

•T 7 " S^l, • • • ,£m) = 2 Kmn J r ~ 1 cr K (2 K £i, . . . , 2 re £ TO ), 

where J 7-1 denotes the inverse Fourier transform. For an integer k with 1 < k < m and 
x, yi, ...,y m , y' h , x' G W 1 , let 

W , K (x, yi, ■■■,y m ; x') = T~ l a K {x -yt,...,x- y m ) - T~ l a K {x' -y 1 ,...,x' - y m ), 

W k , K (x, yt, ...,y m ; y' k ) = T~ x a K (x - y u . . . , x - y m ) - T~ x a K {x - y x , . . . , x - y' k , . . . , x - y m ). 
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Also, for ri,...,r m G (l,oo), write 



Sfo(B) 



IE R (x) 



|Wfe, re (x,2/i,...,?/ m ;yj[.)| r ™ciy m J r ' m . . . dy k+1 J r ' k +^ dy k -i) r *- 1 ...dyi) r ' l dx 
where £^(ai) = i?) and = 2-?£(x, R)\2^ l B{x, R) for j G N. 

Lemma 3.3. Let m and k be positive integers with k < m, a be a multiplier satisfying \1. 7| ) 
/or some si,...,s m G (n/2, n], and r\,...,r m G (1, 2]. Then, for any ball B with radial R, 
Vk, y' k € l-B, jo G N and nonnegative integers ji, . . . ,jk-l, jk+i, ■ ■ -,jm, 



JE R (x) 

I 

r m-l 



E R (x) 



^2 _K ( s l^ hsm— n/n n/r m — 1) 



(3.1) 



Proof. We prove (|3.ip for = 1 only. Let I?r = B(0, R). Step 1: we first consider the case that 
all of jo, j 2 , . . . , j m are positive. Write 

\J r ~ 1 a K (zi,z 2 ,. . . ,z m ) -T~ x a K {zx +yi - y[, z 2 , . . . , z m )\ 

= 2 Knm |7-V K (2 K z 1 , . . . , 2 K z m ) - T- 1 a K (2 K z 1 + 2 K ( Vl - y[), 2 K z 2 , 2 K z m )\ 

<2 Knm V |2 K ( yi - y ;)r [ 1 \d a ' - T- 1 a K (2 K (z 1 + 6(y 1 -y' 1 )),2 K z 2 ...,2 K z m )\d6. 
M=i Jo 

Let 

<t>K, yi ~y[(0; 2m) = a Q '°-°^- 1 ( 7 K (2 K (z 1 + %x - yi)), 2 K z 2 . . . , 2 K z m )|. 

By the Minkowsky inequality, Lemmas 13.11 and 13.21 



Ai,k< J2 



a \=l " C io JSj a (B R ) •'Sim( B n) JO 



( I (/ l^y.-y^e-, z 1 ,...,z m )\dey m dz m ) r ' m 



dz x r i 2 Knm 2 K R 



< 



a^l"' ^ X J S n( B R} X J S 3rn( B R) 



'■> %1 j • • • > %"n 



dz x ri d62 Knm 2 K R 



< 



|q,i = 1 v ^C^o K JSj i [B R ) x J s i m ( B R) 



d a >°>->°T- 1 o- K (2 K z l ,...,2 K Zn 



dz n 
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r 2 dz x r i 2 Knm 2 K R 



< 



V (/ (/ ...(/ d a '°-°T- 1 a K (2*z 1 ,...Xz„ 

| a ]=l JC W JS h V (Br) 

i m 

. . . \z 2 \ r 2 S2 dz 2 )^\z 1 \< sl dz 1 )^2 K R(2 j0 R)- Sl JJ(2^ J R)" Sl 2' cm 



< 



i=2 

j- 1 (eM(2 K zi,...,2 K z m ; 

m 

■ ■ ■ \z 2 \ r 2 S2 dz 2 )^\z 1 \< Sl dz 1 )^2 K R(2 j0 R)- Sl ~[[(2 j >R)- s ^ 



\a\=l j o J s i2 < y B R) J s j m (B R ) 



< 



1 Q a tt || wsl ,....^(R™ ) 2 K i?(2^ J R)- Sl [](2^i?)-^2- K 

|a|=l i=2 
m 

< 2" 'R(2?° R)~ Sl ^^(2^ R)~ Si 2~ K ^ Sl ^ — ^ s "i~ n / r i i/r m ) 

i=2 

where C io = {z : V°- 2 R < \z\ < 2^ 0+1 R}. 

Step 2: if min {j , j 2 , . . . ,j m } = 0, for example, ji + i = ■■■ 
then, for index a € TL\ and 2 K R < 1, 



^°'-'°^-V re (2^ 1 ,...,2^ ri 



i=2 



— Sjn— K(siH hs m -"/ r l "Am) 



j m = and jfc > 1 for 2 < k < I, 



dzi ri 2 Knm 2 K R 



< 



dz m I dz m ^\ 



Br 



T- 1 (tfa K )(2 K z 1 ,...,2 K z n 
i 



dz n 



...y^\zi\ r 'i Sl dzi \ . . .p\z 1 \ r '^dzip2 K R(2^R)- Sl Y[(2^R)- s '2 h 

i=2 

I 

< 2 K R(2^ R)^ Sl JJ(2 Ji i?) _Si 2~ K( ' SlH \-si~n/ri n/r m ) 

i=2 
I 

< 2 K i?(2 J0 R)~ Sl ^\(2^ R)~ Si R~ Sl+1 s ™2 _K ( Sl ^ — \-s m — n/n n/r m ) 



i=2 



This together with the argument in step 1 shows that, for j 2 , . . . ,ji positive and 
jm = 0, inequality (|3.ip holds k = 1. 



□ 
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Lemma 3.4. Let a be a multiplier satisfying ji. 7| j for s\, . . . , s m € (n/2, n], and rx,...,r m £ 
(1, 2] with ri > n/si for 1 < I < m. Then, for each ft£Z and integer k with 1 < k < m, there 
exists a function H£ such that, for any ball B with radial R, any function f k with supp/^ C B, 
and any x € M n \4B, y k ,y' k G B, 

„ m 

l \W k , K (x,yi, ■ ■ ■ ,y m ; yk)\Y[ \Myi)\ d V 

<[ \f k (y k )\R K k (x, y k , y' k )dy k TT M n fi(x) (3.2) 



and 



/ n i r ' , \ 1 k ^6 



Proof. We show the case k = 1 only. Let 



Hfe(x, y k , y k )\ rk dx) < ^ 2joR y k for integer j > 3. (3.3) 



K K 1 > 1 (x,y 1 ) = 2™( [ ([...([ \T- 1 a^{x-y l )Xx-y2,...Xx-y m )\ 1 

v JR™ v il" v Jr™ 

r m-l ^ i 

x (2 K x - y m )^ s ™cfr/ ro ) ^ ...p - y 2 ) r ^ 2 dy 2 ) ^ • 
For any integer jo > 3 and y\ € I?, we deduce from Lemma 13. II that 

/ \H«>\x, yi )\ r 'idx)^ 
•JS Jo (B) ' 

= 2™( I (I (...([ \T- 1 a K (2^x-y 1 ),2 K x-y 2 ,...Xx-y m )\ r: 
x (2 K x - y m ) r ™ s ™dy m ) ^ . . . ) 3 (2 K x - y 2 ) r ^ 2 ) ^ 



x|2 K (x - yi)ri Sl dxJ r i (2 K 2- 70 fl)- Sl 

V ./ran V/ran \ \ /ran / 



m-1 ^2 
3 



x (z 2 ) r 2 S2 dz 2 ) ^ (z!) r i Sl dzi) ^2- Kn / r i (2 K 2J° J R)- S1 
< 2^ K ( s i^ n / r i)^2J , 'o^-si i 

Since r^sj > re, Holder's inequality leads to 

iT^a^x -y u ...,x- y m )||/i(yi) . . . fm{y m )\dy 
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\T l a K {2 K {x - yx), 2 K (x - y m ))||/i(yi) ■ ■ ■ fm{y m )\dy 
<2«™ I (I ([...([ \T- 1 a K (2«(x-y 1 ),...X(x-y m ))\ r - 
x(2 K (x - y m )) rLsm d ym )^ . . . )^(2 K (x - y 2 )) r '^dy 2 ) % \h( yi )\d yi 



m 

x 

1=2 



< 



(2«(x - Vl )) r ' s ' 

m 

H?' 1 ^, yiWiiyi^dyxYlMrJ^ 



1=2 

We can also verify that for y[ G B, 

\F~ l a K (x -y[,...,x- y OT )||/i(yi) • • • f m (y m )\dy 

» m 

<n?\x, y [) / |/i( m )|d yi n^/K^) 

and 

|Hj' (x, y'i)\ ri dx) ri < for integer j > 3. 

S jo (B) ' [2J°K) s k 

Taking H*(x, yi, y[) = H*' (a;, yi) + H"' (a;, y^), we complete the proof. □ 

Lemma 3.5. Let m and k be positive integers with k < m, a be a multiplier satisfying \1.H\) 
for some si,...,s m G (n/2, n], and r±,...,r m G (1, 2]. Then, for any ball B with radial R, 
x, x' G jB, and nonnegative integers ji, ■ ■ ■ ,j m , 



( ( ..-( / \Wo, K (x,y 1 ,...,y m] x')\ r ' m dy m )^ ...V'dyi)^ 

2~ k(si-\ hsm-n/ri n/r m — 1) 

provided 2 K R < 1. 

This lemma can be obtained by the argument used in the proof of Lemma 13.31 

Lemma 3.6. Let m and k be positive integers with k < m, and a be a multiplier satisfying 
for some si,...,s m G (n/2, n]. Suppose that rx,...,r m G (1, 2] such that r k > n/s k for 
k = 1, . . . , m. Then, for any B with radial R, x,x' G B, integer j k > 2, and functions fi, ■ ■ ■ , f m 
satisfying supp f k C M n \4B for some k G {1, . . . , m}, 



\W , K (x, yi, . . . ,y m ;x')\ \fi{yi)\dyi ■ ■ ■ dy k ^idy k+ id ym \dy, 



i=i 
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o-K(sfc-n/r fc ) ™_ , 

< II ( M rM*) + Mnfi{< 



(2ikR) s k-n/r k 11 

Proof. We consider the case k = 1 only. As in the proof of Lemma 13.4^ we have 

/ (/ \J r ~ 1 ^ K (x-y 1 ,...,x-y m )\T\\fi{yi)\dy2---dy m )\fi{yi)\dy 



lS h (B) W(K«) 

o— k(si— n/ri) m 



< 

~ (2-?' 1 i?) Sl_n / ri - LJ - 



and 



/ (/ l^ -1 ^^' — 3/i, . . . , a:' — y m )| TT - - - ) |/i(2/i)|<i2/i 

2~ k(si— n/ri) m 



So we get the desired conclusion directly. □ 

We return to show Theorem 11.21 
Proof of Theorem \1.2l We will employ the argument given in |16} p. 350]. For N G N, let 

c^l) • • • j Cm) = ^«(Cl> ■ ■ ■ >Cm) 

M<7V 

and denote by T CT) jv the multiplier operator associated with <r . It is obvious that T a ^ is an 
m-linear singular integral operator with kernel 

K N (x; y x , . . . , y m ) = F~ l a N {x - y x , . . . , x - y m ) 

in the sense of (HU). Note that for fx, . . . , f m G y(R n ), 

\\Ta{fl, ■ ■ ■ , fm) - T ayN (fx, ... , /m)| I £<»(»«) ^ IK " _ °" )/l • • • /mlU^R") °- 

as iV — > oo. By a density argument, it suffices to prove that the conclusions of Theorem 11.21 are 
true for T a> n with bound independent of N. 

Let tk = nj 'sk- We only need to show that, when a satisfies (|1.7p for sx, ■ ■ ■ ,s m G (n/2, n], all 
of the assumptions (i) — (iv) in Theorem 11.11 hold for the operator T a jv provided, for k = 1, . . . ,m, 
each rfc G (ifc, 2) closes enough to (satisfy n/r^ > Sk — 1/m). By Lemma IBTTj for x G W 1 and 
integers ji, . . . j m G {1, 2}, 



/ (•••(/ \F- 1 u K {x-y l ,...,x-y m )\ r ^dy m )' T ^ ...)^d yi ) 
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'm-l r l 

1 

x ( 



■.(zxf^dz^ R- n / ri — - n ' rm 

< 2tn(l/ri+-+l/r m )|| 11 n-n/n n/r m 



which implies 



{j Aa {j Aa '"{ j AX \ RN & • • • ' fm)r m dVm) T • • • ) ^ifc) ' 

< 2niV(l/riH bl/»Vn) J^—n/ri n/r m 



1 



and hence T CT) jy satisfies assumption (i) of Theorem 11.11 Denote 

W k N (x, yi,...,y m ; y' k ) = K N (x; y 1 ,...,y m ) -K N {x; y x , . . . ,y' k , . . . , y m ) 

for k = 1, . . . , m, and 

Wq{x, yi,...,y m ; x') = K N (x; yi,...,y m ) -K N (x'; yi,...,y m ). 

Let B be a ball with radial R. For x, x' € B and for functions f\, . . . , f m with supp /& C M n \4S, 
it follows from Lemmas 13.51 and 13.61 that 



\Wa{x,yi, ...,y m , a/)||/i(yi) . . . f m (y m )\dy 

OG „ „ 

~ y2 y2 / IWo./cC^yi,---, ym, aj / )ll/i(yi)---/m(ym)l^y 

K:2«i?>li fc =2' / %( B )' / ( K ") m - 1 



+ S Z (/ (•••(/ l w o, K (^, yi,...,y m ; x')\ r ' m dy m ) r ' m 

K:2 K R<lji,...,j m =0 ^ S n^ S im( B ) 



'■d yi )^ n M n/'(»)E[l^( B )l 

fc=l z=i 

m 

< £ (2«i?)-^+"/^n( M n//W + M n /K^)^ 

re:2 re il>l Z=l ' 

m 

+ (2 K J R)- S1 — - Sm + n / ri +- +n / rm + 1 JjAf ri /!( S 

K:2 K i?<l Z=l 
m 

n(M n /,(x) + M n /,(x / )), 



< 



z=i 
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since s\ + ■ ■ ■ + s m < n/r\ + ■ ■ ■ + n/r m + 1. Thus, T a> ^ satisfies assumption (ii) of Theorem 
1.11 For a fixed integer k € {1, . . . , m}, a ball B with radial R, and x, yt, yl £ R n , set 



m-l 

1 



H fc ,s(x, y fc , y£) = V (/ ...(/ |W fc) «(x,yi ) ...,l/ m ;i4)| r ' m d!/m)~ ;? ^~---dl/ 



k:2 k _R>1 

where H£ is the function satisfying (|3.2p — (13. 3p and the integral on the right hand side of equality 
is taken with respect to variables y\, . . . , Uk-i, J/fc+i, • • • , Vi- By Lemmas 13.31 and 1 3.41 we see that 
T a jsr satisfies assumption (iii) of Theorem 11.11 Finally, it follows from Theorem 1.1] that 
T a> N is bounded from L 2 (R n ) x L°°(IR n ) x • • • x L°°(R n ) to L 2 (R n ) provided s h ...,s m > n/2, 
and hence assumption (iv) holds. This finishes the proof of Theorem 11.21 □ 

Acknowledgement. The authors would like to thank Professor N. Tomita for helpful discussion 
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